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Abstract 



In this paper, we first derive several identities on a compact shrinking Ricci 
sohton. We then show that a compact gradient shrinking sohton must be 
Einstein, if it admits a Riemannian metric with positive curvature operator 
and satisfies an integral inequality. Furthermore, such a soliton must be of 
constant curvature. 

1 Introduction and Main Theorems 

Hamilton started the study of the Ricci flow in 2J. In 3J, Hamilton has classified all 
compact manifolds with positive curvature operator in dimension four. Since then, 
the Ricci flow has become a powerful tool for the study of Riemannian manifolds, 
especially for those manifolds with positive curvature. Perelman made significant 
progress in his recent work |3] and 0. 

Suppose we have a solution to the Ricci flow 



on a compact Riemannian manifold M with Riemannian metric g{t). Ricci soliton 
emerges as the limit of the solutions of the Ricci flow. A solution to the Ricci flow is 
called a Ricci soliton if it moves only by a one-parameter group of diffeomorphism and 
scaling. If the vector field which induce the diffeomorphism is in fact the gradient of 
a function, we call it a gradient Ricci soliton. For a gradient shrinking Ricci soliton, 
we have the equation 
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where t = T — t. T is the time the sohton becomes a point, and / is called Ricci 
potential function. In the special case when / is a constant, then we have an Einstein 
manifold. 

Besides the above equation, a gradient shrinking Ricci soliton must also satisfies 
the following equations. 



and 



i? + A/=^ (1.3) 



R+\Vf\' = ^, (1.4) 



where c is a constant in space. The last equation ()1.4j) determines the value of /. 
The Ricci potential function / satisfies the following evolution equation, 

|/=iv/r (1.5) 

Inspired by his own work in [3] and |3], Hamilton made the following conjecture: 

Conjecture 1. (Hamilton) A compact gradient shrinking Ricci soliton with positive 
curvature operator must be Einstein. 

On the other hand, it is a well-known theorem of Tachibana [8 that any compact 
Einstein manifold with positive sectional curvature must be of constant curvature. 
Hence Hamilton's conjecture is a generalization of the Tachibana theorem, since Ein- 
stein manifolds are special Ricci solitons with constant Ricci potential functions. 

In this paper, we first derive a sequence of identities on gradient shrinking Ricci 
solitons. Then we show that the above conjecture is in fact true provided that the 
Ricci soliton satisfies an integral inequality. 

One of our main theorems is the following: 

Theorem 1. Let {M,g{t)) be a compact gradient shrinking Ricci soliton, then M 
must be of constant curvature if its curvature operator is positive and satisfies the 
following inequality, 

\Rc\^\Vf\'e-f < j Ke-f + j Ri.kAkfjfie-^ , (1.6) 

where 

K = {y^WjRik - Vj\/^Rik)RJk . (1.7) 

In Section Two, we first derive some integral identities about Riemannian curva- 
ture on gradient shrinking Ricci solitons. More precisely, we prove the following two 
identities, 
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Theorem 2. On a compact gradient shrinking Ricci soliton, we have 

J Rm{Rc,Rc)e-^ ^ ^ J '^^'^^"^ '^^^ RM^e'^ (1.8) 

and 

J Rm{Rc, Rc)e-f " ^/ + / 1^^^] V-^ - ^ J \div Rm\^e-f , (1.9) 

where 

Rm{Rc,Rc) = RijkiRikRji ■ (1-10) 
As a corollary of Theorem we have 
Corollary 1. On a compact gradient shrinking Ricci soliton, we have 

/|ViS.|V/^/|.»«»|V'. (i.n, 

Moreover, ^1.^) and can he written as follows, 

j Rm{Rc,Rc)e~^ J '^^'^^^'^ + ^ / l^^c^e"^ . (1.12) 

In Section Three, we derive some identities about Ricci curvature, i.e., we show 
the following theorem. 

Theorem 3. On a compact gradient shrinking Ricci soliton, we have 

\Rc\'A{e-f) = \VRc\'e-f + j Ke'^ + j RkijpRkjfifpe-f . (1.13) 

In Section Four, we prove Theorem 1 under the hypothesis of positive curvature 
operator and inequality ()1.6p . 
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2 Identities of Riemannian Curvature 

In this section, we prove Theorem |21 On a gradient shrinking Ricci sohton, we have 
the following identities: 

{div Rm)jkl = Rijkl,i = ^iRijkl = ^iRklij 

= — VkRijii — ^iRijik = ^kRji — ^iRjk 
= - Vkfji + Vifjk = VNkfj - VkVifj 

= Rlkjpfp ■ (2.1) 

Hence we have the following two identities, 

V^iR^Jkle-^) = (2.2) 

and 

V,iRike-f) = . (2.3) 
Using integration by parts, we derive that 



\div RrrS^e ^ 

= lR.M-R,k, + R,,k)e-f 

= - I R.,JpkR,e-f + I R,k,,U^R,ke-^ 
= - j Rik,pRi,fkr>e-^ - j Rki,pRk,Ue-f 

= — 2 J RlkjpRljfkpG ^ ■ 

Hence we have the following lemma: 

Lemma 1. On a gradient shrinking Ricci soliton, we have 

j RikjpRijfkpe'^ ^"^I'e"^ ^ • (2-4) 

Now we can prove (jl.Hj) in Theorem |21 
Proof. By the above lemma and the gradient shrinking Ricci soliton equation: 

fkp '2^9kp Rkp 1 
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we can derive 



f 1 

— 2 / RikjpRiji-^Qkp — Rkp)e 

~\ j \Rc\^e-^ + 2 j Rm{Rc, Rcje'^ 



so we have 



j Rm{Rc, Rc)e-f " ^ / l^^l^^"^ + \ j 1^^^ ^^1^^ 

Before we prove p.9j) . we first prove the following two lemmas: 
Lemma 2. 

^ jRik ^j^iRik RjmRmk RijmkRim 

Proof. Using the formula 

^ j Rlk ^ iRlk RijmlRmk RijmkRim j 

and let z = / in the above formula and take the sum. 
Lemma 3. On a gradient shrinking Ricci soliton, 

-2 j VkRjNiRjke'^ = |i?cpe^-^-2 j Rm{Rc, Rc)e-^ . 

Proof. 

- 2 / VkRjiViRjke-^ 



=2 j R,k{V^VjRik-V,Rikfi)e-f 

=2 j Rjk{ViV,Rik)e-^ -2 J R^kV jRikfie-^ 

=2 j R,k{V,V.R.,k + Rm.Rmk - R^,mkR^m)e-^ + 2 j R.kR,kf.,e-f 

-\- 2 I RjkRmj Rmk(^ ~^ ^ / RikRjkfij^ ^ / RijmkRimRjk^^ 

=2 j R^kRk^if., + R.,)e-f - 2 j R,,^kR.mR,ke-^ 
= ^ j \Rc\^e-^ -2 J Rm{Rc,Rc)e-^ . 
This finishes the proof of the lemma. 



We used the following lemma in the above, 
Lemma 4. On a gradient shrinking Ricci soliton, we have 

J VjV^RikRjke'^ = . 

Proof. 

Now we can prove ()1.9p in Theorem |21 
Proof. 

/|*-i^„|V/ 

= j \VkRji-ViRjk?e-f 

=2 j \VRc\^e-f - 2 j VkRjNiRjue-^ 

=2 j \WRc\^e-^ ^ r / '^^'^^"'^ ~ ^ / ^^(-^c, Rc)e^ 



(2.7) 



□ 



so 



J Rm{Rc,Rc)e-f = \Rc\'^e'^ + j \\/Rc\^e~f - ^ j \div R^l'^e-f . 

□ 

By p.Sp and we have the corollary d 

3 Identities of Ricci Curvature 

Because of the soliton equation, there will be several identities for Ricci curvature on 
the gradient shrinking Ricci solitons. We first prove Theorem El By using ()2.H) . we 
derive that 

= ViiViRjk) = ViiVjRik — Rijkifi) = ^i^jRik — (ViRijki)fi — Rijkifu , (3.1) 

so 

< ARc,Rc >= ViViRjkRjk = jRikRjk — iRijki)fiRjk — RijkifuRjk , (3.2) 
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and 



^A|i?cp = ^AiR^kRjk) = ViiViRjkRjk) = i^RjkRjk) + |Vi?cp . (3.3) 



Furthermore, we have 



i f A|i?c| = ^ / \Rc\'Ae-f 



so 



Rcl'^Ae-^ 

= j |Vi?c|2e^^ + j {V^VjRikRJk-^3^^RikRjk)e-f 

+ j V jViRikRjke^^ — J '^iRijkifiRjke'^ — J RijkifuRjke'^ 

= j \VRc\^e~^ + J Ke-f + j V jV iRikRjke^^ - j ViRijkifiRjke'^ - j RijkifiiRjke 

^ 1 1 Vficr^e- + / Ke-f - / V.R,.J,R,.e-' - / R.M^f . (3.4) 

We used Lemma El in the last equation. 

Plug (EH) and (1231) into dSil), apply Corollary d we obtain 



2 -/ 



\RcfAe-^= J \VRcfe-f + J Ke'f - j ViMijkifiRjke-^ - ^ J \VRcfe 

= i J |Vi?c|V^ + J Ke-f + j RkijpRjkfifpe-^ ■ (3.5) 

If we assume that the metric on the gradient shrinking Ricci soliton has positive 
curvature, then 

RkljpRjkfpfl^ ^ 



is a positive term. In fact, this is true for any metric with positive curvature operator. 
We have 

Lemma 5. Let {M,g) be a Riemannian manifold with positive curvature operator, 
then 

RijklRikfjfl > 

point-wise. 



Proof. 



where 



are 2-forms (in fact, they are the eigenfunctions of the curvature operator). And 

Aa >0 , 



so 



with 



and 



OJ. 



RikjiRijfkfi — '^Ki^ik^jiRijfkfi] , 



'tk^lRr.fkfl = Rr,Hkfk){u^'!lfl) = Rrjltll > 



li ^^ikik 



□ 



Remark. It's an easy calculation to see that 

^ j |i?c|2Ae-^ = Rc{Vf,Vf)e-f > . 

4 Proof of Theorem 1 

For a compact Riemannian manifold with positive curvature operator, we first need 
the following lemma of Berger: 

Lemma 6. (Berger) Assume T is a symmetric two tensor on a Riemannian mani- 
fold (M, g) with non-negative sectional curvature, then 

K = {ViVjTik - VjViTik)Tjk > . 

In fact, 

K = ^ Rijij{Xi - ^j f , 

i<j 

where Aj 's are the eigenvalues of T. 
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We apply this lemma in the special case of 

T = Rc. 

Then we know that our K which is defined in ()1.7p is non-negative. 

By combining Theorem El and inequality ()1.6p . we can prove Theorem 1. 

Proof. By 

1 J \Rc\'A{e-f) 

<i I |Vi?c|V/ + i I \Rc\^\Vf\'e-f 
<i j |Vi?cpe-^ + j Ke-f + J Ri.kAkfjfie-^ , 
we show that for all i, j and k we have 

^i-Rjk Rjkfi ) 

and 



So 



J Ke-f = , 



hence 

K = 

and / is a constant. Therefore, the soliton must be of constant curvature. □ 
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